The few-electron states of a parabolic confined quantum dot is studied in the presence of a magnetic ion. The electrons interact with a single magnetic ion ͑Mn 2+ ͒ which is located in the quantum dot at arbitrary position. The local Zeeman spin splitting is calculated for different numbers of electrons ͑N e =1,2,3, . . . ,10͒. The effect of the position of the magnetic ion on the energy levels ͑both ground state and excited states͒ is investigated. We calculate the heat capacity as a function of temperature, the position of the impurity, and the Coulomb strength.
I. INTRODUCTION
Quantum dots 1 have attracted a lot of attention due to their interesting physics, such as transformations of the multielectron ground state as a function of magnetic field resulting in, for instance, switching of total spin and total angular momentum of the system. 2 Electrons in a quantum dot interact with each other via the Coulomb potential and with the lateral harmonic confinement potential. The relative interaction strength, , that can be varied in a wide range 3 is given by the ratio of the effective width of the confinement, l 0 , and the Bohr radius of the host semiconductor, a B =4⑀ 0 ⑀ប 2 / m * e 2 as follows:
Large implies strong Coulomb interaction, and vice versa.
In this paper, we focus on a few values of as long as the gap between the single-particle energy spacings ប 0 is large enough as compared to the Coulomb interaction energy. Magnetic doping of quantum dots based on II-VI semiconductors has been demonstrated. 4 More recently, a quantum dot doped with a single magnetic ion was realized. 5, 6 Such a system allows the control of the interaction between individual charge carriers and a single magnetic atom. This is expected to be important for future spintronic and quantum computing devices.
Theoretical studies on the interaction of electrons in diluted magnetic semiconductor ͑DMS͒ quantum dots were presented by several groups. [7] [8] [9] Those publications addressed the case of a large number of magnetic impurities allowing for a mean-field representation of the local magnetization of the magnetic ions. Here we consider the opposite case in which only a single magnetic ion is present in the quantum dot.
This paper explores the electronic properties of the ground state of N e interacting electrons confined by a parabolic potential containing a single magnetic impurity Mn at zero magnetic field. This is the situation recently studied in Ref. 10 , where the authors found a local Zeeman spin splitting independent of the position of the impurity for N e =1,2, ... ,6 including only s, p, and d shells. In the preceding calculations, the magnetic impurity was fixed at the position ͑l 0 ,0͒ and the Coulomb strength was kept at a specific value = 0.5. In this paper, we extend those calculations to a quantum dot containing up to ten electrons where the Coulomb interaction strength will be varied and the single magnetic impurity may be located at an arbitrary position inside the dot. We enlarge the size of the Hilbert space, as compared to Ref. 10 , by including higher levels, beyond the s, p, and d shells. Besides the ground-state energy, we will also investigate thermodynamic properties as the specific heat.
The paper is organized as follows. In Sec. II we present our model and the approach to solve it numerically. In Secs. III and IV we present the ground-state energy and the excited states for up to ten electrons. Section V is reserved for the heat capacity calculations and our conclusions are presented in Sec. VI.
II. MODEL AND METHOD
We refer to the review paper of Ref. 11 for general information on mostly bulk DMS and to Ref. 12 for recent papers on many-particle states in Mn-doped quantum dots.
We study the magnetic exchange interaction behavior in quantum dots containing N e electrons with spin 1 / 2 and effective mass m * at positions r i ជ = ͑x i , y i ͒ and momenta p i ជ =−iបٌ ជ i with a single magnetic ion ͑e.g., Mn 2+ ͒ with spin 5 / 2 located at position R ជ = ͑X , Y͒. Those electrons move in a twodimensional ͑2D͒ plane and are confined by a parabolic confinement potential. The Hamiltonian describing this problem is
the confinement potential with K = m * 0 2 the confinement strength, and 0 is the confinement frequency that introduces the confinement length l 0 = ͱ ប / m ment potential is the standard approximation for lithographically defined quantum dots embedded in a two-dimensional electron gas. The Mn-doped CdTe dots of Refs. 4 and 5 are self-assembled dots which are three-dimensional structures with a more hard-wall-like confinement potential. Often, the height of those dots is much smaller than their diameter and an effective 2D approach is still reasonable. A hard-wall confinement potential leads to qualitative differences 13 but the important physics we are interested in is not influenced by the precise shape of the confinement potential.
The first two terms in Hamiltonian ͑2͒ describe the oneelectron Hamiltonian problem ͑the kinetic energy and the harmonic terms͒ and the third term is the Coulomb interaction between the electrons V͑r i In the previous calculations 10 the magnetic impurity was fixed at the location ͑l 0 ,0͒ inside the quantum dot. Here we will release this restriction and investigate the dependence of the quantum properties on the position of the Mn ion.
The single-particle problem in a parabolic potential defines a complete basis set of Fock-Darwin orbitals nl ͑r ជ͒ and spin functions ͑S ជ ͒ as follows:
where the Fock-Darwin orbitals are
͑n , l , ͒ are radial, azimuthal ͑angular momentum͒, and spin quantum numbers ͑+1 for the spin-up projection and −1 for the spin-down projection͒, respectively. L n ͉l͉ ͑r͒ is the Laguerre polynomial. The energy levels of the single-particle states are
We denote each single Fock-Darwin state by an index i = ͕n , l͖, which includes two quantum numbers n =0, 
Ket vector ͉i , ͘ indicates a quantum state with a set ͑n , l , ͒ being radial, azimuthal, and z-component spin quantum numbers, respectively. Creation ͑annihilation͒ operator c i + ͑c i ͒ acts on a ket vector ͉i , ͘ and creates ͑annihilates͒ a particle with the quantum set ͑n , l , ͒. V 0 = e 2 /4⑀ 0 ⑀l 0 is the prefactor in the Coulomb matrix elements and was previously calculated by Tsiper. 15 M z , M + , and M − are the z-and raisingand lowering-spin operators of the magnetic moment of the ion.
We consider quantum states in the language of nuclei shells but defined for a 2D quantum system. Those orbitals are in the same shell provided that ͑a͒ electrons occupying those orbitals have the same energy level, and ͑b͒ their respective azimuthal quantum numbers have the same parity.
Electrons in different orbitals can interact with the magnetic ion through the contact exchange interaction. The last term in Hamiltonian ͑2͒ that describes the electron-ion-Mn exchange interaction can be rewritten as follows:
with
the exchange matrix elements. Each of those elements is a product of two single-particle wave functions of those two exchanged quantum states calculated at position R ជ of the impurity. They build up a submatrix called the exchange interaction matrix. The size of this matrix is determined by the number of orbitals that are taken into account in our calculations. For instance, if we include all six orbitals of s, p, and d shells ͑as in Ref. 10͒ the size of this matrix would be 6 ϫ 6. Those two quantum numbers: total angular momentum L and z component of the total spin S z of the electrons are not conserved due to the presence of the magnetic ion with specific spin M ជ . Recall that without the magnetic impurity those numbers would be conserved and they are good quantum numbers reducing considerably the Hamiltonian matrix. Ground-state properties of that problem can be described in the subspace ͑L , S z ͒.
Because those quantities are not conserved due to the coupling of different single orbitals we need the entire Hilbert space to build up the Hamiltonian matrix. After diagonalization of this Hamiltonian we obtain the energy spectrum. To construct those elements of the Hamiltonian we use the configuration interaction method to expand the wave function in the single-electron basis as follows:
where ⌿ k is the kth state of the wave function determined by N e electrons with N e different sets of quantum numbers ͑n , l , ͒ and the single scatterer with one of the six states of the projection of the spin.
nates and spin of a single electron. In the second quantization representation, the state ⌿ k can be translated into a ket vector ͉k͘ grouping total N e electrons into N↑ electrons with z component of spin up and N ↓ = N e − N↑ electrons with z component of spin down as follows:
Here i 1 / i N↑ and j 1 / j N↓ are the indices of single states for which each index is set by two quantum numbers ͑radial and azimuthal quantum numbers͒, as mentioned above. The number of possible configurations N C depends on the number of electrons, N e , the number of single orbitals, N S , and the size of the spin, M, of the magnetic ion Mn. That N e electrons interact with the single magnetic impurity ion via the contact interaction implies that those different single orbitals couple with one another. As a consequence states with different total angular momenta and/or different total spin of electrons can scatter to other states. As a result, one needs to take into account all states generated from the three specific quantum numbers: N e , N S , and M ͑here we take M =5/2͒.
Consequently, the N e -electron quantum dot in the presence of the magnetic impurity has a Hamiltonian matrix that is six times larger than that in the case without the magnetic ion when including the same number of single-particle orbitals. This limits the number of single orbitals, N S , that can be included to obtain results as accurate as possible.
As an example, let us consider the three-electron quantum dot. If one includes only s and p shells, it means that only three orbitals along with two possibilities of the electron spin 1 / 2 are included and one would have N C = 120 ͑6 ϫ C 6 3 ͒ configurations. If one includes s, p, and d shells one would have N C = 1320 ͑6 ϫ C 12 3 ͒ configurations. The number of configurations would be N C = 166 320 if one includes 28 orbitals.
We may recall that in the s shell one has two sets of quantum numbers being ͑0,0,1͒ and ͑0,0,−1͒ with 1 and −1 the up-and down-z-component quantum numbers of electron spin ͑1/2͒. In p shell one has four respective sets being ͑0,−1,1͒, ͑0,−1,−1͒, ͑0,1,1͒, ͑0,1,−1͒, and so on.
Here, we consider a magnetic impurity with spin size 5 / 2 that is typical for a Mn ion in, e.g., a II-VI ͑Cd,Mn͒Te quantum dot. We can use the following typical parameters: effective width l 0 = 26.45 Å, effective Bohr radius a B =2ϫ l 0 = 52.9 Å, effective mass m * = 0.106m e , ⑀ = 10.6, quantum dot thickness W = 2 nm, and confinement frequency ͑energy spacing͒ 0 = 51.32 meV.
III. GROUND-STATE ENERGY

A. Convergency
As compared to the earlier study, 10 we included higher levels ͑more electronic shells͒. Increasing the number of single-energy levels will tend the problem to asymptotically approach the exact one, but in a different way from the problem when no impurity is present. The latter problem can be treated by the same exact diagonalization method ͑see, for instance, Ref. 16 and references therein͒ using the quantum number ͑L , S z ͒ subspace technique.
Our problem concerned with a more generic picture since we consider many more possibilities of configurations due to the presence of the magnetic ion with spin 5 / 2 that induces coupling between states with different quantum numbers ͑L , S z ͒. This results in a rapid increase of the number of configurations when involving more shells.
First, we investigate the convergency of our results as a function of the number of shells that are included in the numerical calculation. As an example, we show in Fig. 1 the case of N e = 5 electrons for the case that the interaction with the magnetic ion is included. For = 0.5 the energy is 11.817 58 for N C = 93 024 and 11.805 72 for N C = 855 036, respectively. The relative difference comprises 0.1%.
In Fig. 1 , the first couple ͑6,4752͒ means that we included six orbitals ͑i.e., s, p, and d shells͒ and the last couple ͑15,855 036͒ means that the s, p, d, f, and g shells were retained. Notice that with increasing Coulomb coupling more single-particle shells have to be included in order to obtain accurate results for the energy.
B. Local Zeeman energy
The Zeeman term contribution is calculated as being the energy difference between the quantum dot with and without the magnetic impurity as follows:
We reproduced the results for the local Zeeman splitting as obtained recently by Qu and Hawrylak 10 for partly filled shells for N e =1,2, ... ,6 of the s, p, and d shells in Fig. 2 included and the magnetic ion is located at the center of the quantum dot. These results were not presented in Ref. 10 . Furthermore, we found clearly that the quantitative results depend on the exact location of the magnetic impurity. The Coulomb interaction strength is chosen to be 0.2 to ensure the accuracy of the result when N e is increased above six electrons.
The partly filled shell calculations are done for those configurations of electrons at which there is no excitation from lower to higher electronic single-particle levels. For instance, three electrons in partly filled shells first fill up the s shell by two electrons then fill up one of the four possibilities of the p shell by the remaining electron. To follow this definition, we realize that 2-, 6-, and 12-electron quantum dots are special in a sense that 2 electrons fully fill the s shell, 6 electrons fully fill the three orbitals ͑six possibilities͒ of the s and p shells, and 12 electrons fully fill the s, p, and d shells resulting in zero Zeeman spin splitting.
C. Dependence on the position of the magnetic ion
The authors of Ref. 10 found the unexpected result that the exchange term ⌬ Z was independent of the filling of the shell in a limited Hilbert space ͑involving only the partially filled s, p, and d shells͒. If all configurations are included the ⌬ Z slightly changed due to the presence of excitations. Additionally, they claimed that the result was independent on the position of the magnetic ion.
Our numerical calculations on the other hand show that, in general, the local Zeeman term itself depends on the position of the impurity. More specific, when we consider the partially filled s and p shells, the ⌬ Z of N e =1,2, ... ,6 changes consistently with changes in the J ss and J pp . When all possible configurations of those shells are included, the situation changes due to the mutual interactions of the overall orbitals.
We plot in Fig. 3 the dependence of the local Zeeman energy on the position of the impurity for 1, 2, …, and 6 electrons as obtained by including only the partly filled s, p, and d shells when no excitation is taken into account. We found ⌬ Z = 0 and no dependence of the local Zeeman energy of the two-and six-electron quantum dot on the position of the impurity. The one-electron quantum dot ⌬ Z has only a very weak dependence. This can be explained in the following way. In the case of two-and six-electron quantum dots the s and then p shells were fully filled ͑closed shells͒. Therefore, there is zero contribution from the local Zeeman part to the energies of those quantum dots. For the oneelectron problem, ⌬ Z changes consistently with the change in J ss . This results in the ratio of the local Zeeman term to the J ss that is almost independent on the position of the magnetic ion.
For the three-, four-, and five-electron quantum dots we obtained the same dependence for the local Zeeman energy on the position of the impurity in case of partially filled s and p shells. We found zero contribution of the local Zeeman energy at position ͑0,0͒. The reason is when we take into account the partially filled s and p shells, the exchange matrix elements describing the mutual couplings of orbitals from s and p shells and the exchange matrix elements between the p shell themselves are zero when the Mn is at the center of the dot. We also found that the curve has a parabolic form that is also the form of the ratio of J pp / J ss vs the position of the magnetic impurity different by a constant factor. The form of the curve changes when we include the d shell orbitals. Figure 4 shows the impurity-position dependence of the local Zeeman energy but now scaled to the confinement energy. All possible configurations were included. For N e =1 electron, we see a peak of ⌬ Z at x = 0. This is because J ss contributes mainly to ⌬ Z which has also a peak at x =0. When the number of electrons in the quantum dot increases the contributions of the exchange matrix elements from higher levels, e.g., the p, d, f, … shells, increase. It leads to a displacement of the peak to x = l 0 , as we see for N e =3, 4, and 5 electrons.
When we move the magnetic ion far away from the center, the exchange matrix elements tend to zero. The problem is converted to an uncoupled problem because the overlap with the electron wave function decreases exponentially to zero.
When the Coulomb interaction strength, , approaches zero it means that the ratio l 0 / a B also approaches zero. Consequently, the exchange energy, ⌬ Z , is now zero at any position of the magnetic ion, except for the center of the dot. The effect of the Coulomb interaction is to extend the region where the magnetic ion can be located where it gives a nonzero contribution of ⌬ Z to the total energy of the system. Increasing the Coulomb interaction strength moves the maximum contribution of the local Zeeman splitting term to a position further from the origin of the dot.
IV. EXCITED STATES
In the previous sections, we mentioned the "partially filled" concept where excitation was not taken into account in order to see the contribution of the local Zeeman term to the energy spectrum. In this section, we consider excited states where we will include higher single-particle levels. We present in Fig. 5 the energy of the first 24 energy levels for the case of N e = 3 electrons where we include 21 singleparticle orbitals. The inset is the spectrum when only the orbitals up to the partially filled p shell are included. In this inset, we show also the spectrum as obtained without interaction with the magnetic impurity as the constant energy level ͑blue circles͒ with degeneracy 24 ͑four degenerate possibilities of the p electron and six possibilities of the spin of the magnetic ion͒. In the presence of the magnetic impurity, the spectrum splits into three levels. The ground-state energy is shifted to lower energy with degeneracy 7 ͑spin degeneracy of the magnetic ion 5 / 2 plus 1 / 2 for the third electron͒ as indicated by the triangles, and the first excited state with degeneracy 12 equals to the ground-state energy of the case without interaction with the magnetic ion. This is a result of the intralevel interactions. When we include even more single-particle levels we obtain the results as given in the main plot of Fig. 5 where we took into account interlevel interactions, in this case N s = 21. Note that the ground-state energy is even further reduced in energy and the degeneracy of the excited state is further reduced. However, the groundstate energy in both cases has a degeneracy of 7, which is related to the fact that the Mn spin is ferromagnetically coupled to the electron that couples to the p shell. We see that the excited states split into more levels as compared to the case in the inset. The precious first excited states is split into a level with degeneracy 5 ͑=spin degeneracy due to total spin of 5/2−1/2=2͒ and a level with degeneracy 7. In the main figure we see several different energy gaps between the excited states. These gaps will have an effect on the contribution to the possible energy storage of the system that will be manifested in the heat capacity.
V. HEAT CAPACITY
Since we have the complete spectrum we can calculate all thermodynamic properties. One important quantity that is concerned with storage of energy is the heat capacity
where 
͗E͑,T,R
Mn ͒͘ = ͚ ␣=1 N ␣ E ␣ e −E ␣ /k B T ͚ ␣=1 N ␣ e −E ␣ /k B T
͑14͒
is the average energy that is a function of the Coulomb strength , temperature T, and the position of the impurity R Mn . E ␣ is the ␣th energy level of the many-electron energylevel spectrum.
We present in Fig. 6 the heat capacities of quantum dots containing two to six electrons. The impurity was located at the position ͑l 0 ,0͒. The heights and widths of the pronounced peaks of those curves are determined by the energy gaps between the respective ground-state and excited-state energies.
We plot in Fig. 7 the energy spectrum of the first 36 levels of the four-electron quantum dot in order to understand the heat capacity. The number of energy levels is relevant for the considered temperature range. From this figure we realize that the first peak in the heat capacity ͑see Fig. 6͒ is related to the turn of the averaged energy quantity ͑see the inset͒ at T = 74.4 K. The flatlike region in the average energy results in a zero heat capacity for temperatures close to zero. Besides, we see that the ground-state energy has degeneracy 8 resulting from the total spin of 5/2+1=7/2 while the first excited state has degeneracy 6 that is from the total spin of 5/2+0 =5/2, and so on for the higher energy levels.
In Fig. 8 we extend the result of Fig. 6 to N e =7-10. Notice that for N e Ͼ 4 the heat capacity exhibits a clear peak structure for temperatures T Ͻ 100 K. The position of the peak depends sensitively on the number of electrons in the dot. Figure 9 shows a 3D plot of the heat capacity obtained as a function of temperature, T, and Coulomb strength, , of a three-electron quantum dot at a specific position of the magnetic impurity, ͑l 0 ,0͒, and shows clearly the effect of the Coulomb interactions. The result was obtained when all the possible electronic configurations of the s, p, d, f, and g shells were included. We see a shift in the peak of the heat capacity to smaller temperatures when increasing the Coulomb interaction strength . Figure 10 , plotted for two extremes ͑i.e., 0.1 and 1.0͒ of the Coulomb interaction strength used in Fig. 9 , and it illustrates the respective energy spectra of these cases and their statistical average energies over temperature ͑the two insets͒. We see that at these two parameters of = 0.1 and = 1.0, the respective energy spectra are significantly different explaining the shift in the peak structure of the specific heat. Because the peak of the specific heat is relevant to the gap between the energy levels and consequently to the temperature. If one plots the specific heat versus different Coulomb interaction strengths , which is proportional to 1 / ͱ 0 , and different temperatures one could see that the peak in the specific heat moves to lower temperature with increasing .
To complete the discussion on the heat capacity, let us discuss the dependence of the heat capacity on the spin size M of the magnetic impurity. Figure 11 shows that when the spin size of the impurity is changed from 1 / 2 to 7 / 2 the position of the peak in the heat capacity, along with its height and width, is shifted to higher temperatures. Notice that with increasing M the peak structure shifts to higher temperatures due to the increased interaction energy that leads to a larger gap in the energy spectrum.
VI. CONCLUSIONS
In conclusion, we examined the behavior of few-electron quantum dots confined to a lateral parabolic potential in interaction with a single impurity in the absence of an external magnetic field. The impurity is engineered at different positions. We produced results obtained for a few discrete positions and focused on three locations where the diagonal exchange matrix elements have a maximum: the center of the dot, the position ͑l 0 ,0͒, and the position ͑ ͱ 2l 0 ,0͒. Results are intended to exhibit the electronic ground-state properties when the number of carriers is changed and many singleelectron levels are included due to a desire to sample as many electronic configurations as possible. We obtained different behaviors for different positions of the magnetic ion.
In fact, the exchange matrix elements ͑the electron-Mn interaction terms͒ are much smaller than ប 0 ͑at most 1%-2%͒, particularly when we move the magnetic ion away from the center of the dot. The diagonal elements become dominant in comparison to contributions from the exchange interaction terms. Therefore, ⌬ Z is of the same order as those small parameters.
Extending the Hilbert space allows us to understand physics beyond the s, p, and d shell interactions and we can study the properties in the case of larger Coulomb interaction strength. We found that ⌬ Z is related to the Coulomb strength and the position of the magnetic ion. can, for example, be changed by changing the size of the quantum dot.
When is small, meaning that the electrons in the quantum dot are more strongly localized, ⌬ Z changes consistently with changes in the diagonal electron-Mn exchange matrix elements. In contrast, when is large the electrons in the quantum dot become more strongly correlated. The contribution to the energy of the system spreads over more matrix elements, and ⌬ Z becomes maximum at different positions of the Mn impurity.
With changing number of electrons in the quantum dot system and changing position of the magnetic ion result in changes in the heat capacity both in its shape and the position of the peaks. Larger Coulomb interaction strength moves the peak of the heat capacity to lower temperature.
